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We give an upper bound for the alternation number of a torus knot which is of either
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1. Introduction
Recently, Kawauchi [7] introduced a new numerical invariant for a classical knot or link, called the alternation num-
ber, which is deﬁned to be the minimum number of crossing changes that are necessary to convert a knot or link into
alternating. We denote the alternation number of a knot or link L by alt(L).
He has shown the existence of a non-split link with alternation number k for each positive integer k, where he uses
the Alexander invariant of a link. More recently, Abe [1] has discovered a lower bound of the alternation number of a knot,
where he uses the signature, Rassmussen s-invariant [15], and Ozsváth and Szabó τ -invariant [14].
There is a similar numerical invariant, the dealternating number, which had been introduced by Adams et al. [3]: A pro-
jection P of a link L is m-almost alternating if m crossing changes produce an alternating projection. A link L is m-almost
alternating if it has an m-almost alternating projection and no (m − 1)-almost alternating projection. A link has dealternat-
ing number m if it is m-almost alternating. So the alternation number is smaller than or equal to the dealternating number.
Let T(p,q) be the torus knot of type (p,q). Adams et al. [3, p. 164] conjectured that the T(3,4) and T(3,5) are the only 1-
almost alternating (or simply, almost alternating) torus knots; cf. [2, p. 140]. Abe [1] has succeeded in solving this conjecture
by showing that the alternation number of each non-alternating torus knot which is neither T(3,4) nor T(3,5) is greater
than or equal to two.
In this paper, we give an upper bound for the alternation number of a torus knot which is of either 3-, 4-, or 5-braid or
of other special type. For the 3-braid torus knots T(3,3k+1) and T(3,3k+2), we show that their alternation number is less
than or equal to k (Theorem 8). Then using Abe’s inequality we decide the alternation number of T(3, l), l ≡ 1,2 (mod 6)
(Corollary 34). In process of ﬁnding an upper bound of the alternation number of a 3-braid torus knot, we give a sequence
of knots, starting with a 3-braid torus knot and ending with a 2-braid knot; each of which is a 3-braid knot except for
the last one. For these 3-braid knots, we calculate the signatures and decide the alternation numbers (Theorem 12), which
enables us to construct inﬁnitely many 3-braid knots with alternation number k for each positive integer k (Corollary 13).
We then give estimations for the alternation numbers of the torus knots T(n,kn + 1) (Theorem 87) and T(n,kn + (n − 1))
(Theorem 24), n 4, k  1, which yields estimations for the alternation numbers of the 4-braid torus knots (Theorem 26);
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in particular, we obtain alt(T(4,5)) = 2. Also, we give estimations for the alternation numbers of the 5-braid torus knots
(Corollary 28). Lastly, we give upper bounds of the alternation numbers of the 3- or 4-braid torus links (Theorem 29).
This paper is constructed as follows: In Section 2, we give deﬁnitions of a braid group and a torus knot and link, and
give some formulas for a braid group, which will be used in subsequent sections. In Section 3, we review Abe’s result, that
is, the inequality which gives a lower bound of the alternation number of a knot by using the signature and Rasmussen
s-invariant (Proposition 5), and his solution to the above-mentioned conjecture of Adams et al. on the dealternating number
of the torus knots. In Section 4, we give an upper bound for the alternation number of a 3-braid torus knot (Theorem 8),
and give an estimations for the alternating number using Abe’s inequality. In Section 4, we calculate the signatures and
decide the alternation numbers of the family of 3-braid knots which mentioned above. In Sections 6 and 7, we consider
the alternation numbers of the torus knots T(n,kn + 1) and T(n, ln − 1), with n 4, k  1, l  2, respectively. In Sections 8
and 9, we give estimations for the alternation numbers of the 4- and 5-braid torus knots, respectively. In Section 10, we
give upper bounds of the alternation numbers of the 3- or 4-braid torus links.
2. Braids, and torus knots and links
An n-braid is an element of the n-braid group Bn generated by the elementary n-braids σ1, σ2, σ3, . . . , σn−1 as shown
in Fig. 1. They are related by the braid relations:
σiσ j = σ jσi, |i − j| 2; (1)
σiσi+1σi = σi+1σiσi+1, i = 1,2, . . . ,n − 2. (2)
The half-twist of an n-braid n is given by
n = β2β3 . . .bn (3)
= cncn−1 . . . c2, (4)
where βn , cn are n-braids deﬁned as follows:
βn = σn−1σn−2 . . . σ2σ1; (5)
cn = σ1σ2 . . . σn−2σn−1. (6)
In particular,
3 = σ1σ2σ1 = σ2σ1σ2. (7)
The braid 2n is called the full-twist, which generates the center of Bn and is also given as
2n = βnn . (8)
In the sequel, we will often use the following lemmas.
Lemma 1. Suppose that n 3. Then for i = 1,2, . . . ,n − 2, the following hold:
βnσi+1 = σiβn; (9)
cnσi = σi+1cn; (10)
(βncn)σi = σi(βncn). (11)
Proof. Eqs. (9) and (10) are easily shown by using braid relations, which imply Eq. (11). 
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2n = (βncn)2n−1 = 2n−1(βncn). (12)
Proof. The following equation is easily shown by induction on k by using Eq. (9).
βkn = σn−kσn−k+1 . . . σn−1βkn−1. (13)
Then the case k = n − 1 is
βn−1n = σ1σ2 . . . σn−1βn−1n−1 = cn2n−1, (14)
which implies the ﬁrst equality of Eq. (12). The second equality follows Eq. (11). This completes the proof. 
For a pair of positive integers (p,q), we deﬁne a torus knot or link of type (p,q) as the closure of the p-braid
β
q
p = (σp−1σp−2 . . . σ2σ1)q, (15)
which we denote by T(p,q). We can easily obtain a rough upper bound of the alternation number of a torus knot.
Proposition 3. For the nontrivial torus knot T(p,q), 1< p < q, gcd(p,q) = 1, we have
alt
(
T(p,q)
)
⎧⎨
⎩
= 0 if p = 2;
 (p − 2)q/2 if p is even;
 (p − 1)(q − 1)/2 otherwise.
(16)
Proof. The torus knot or link T(p,q), 1< p < q, is alternating if and only if p = 2 [10, Theorem 3.2]. The unknotting number
of the torus knot T(p,q), u(T(p,q)), is determined by Kronheimer and Mrowka [8]:
u
(
T(p,q)
)= (p − 1)(q − 1)/2, (17)
which is greater than or equal to the alternation number.
On the other hand, the braid Eq. (15) above gives the minimum diagram for the torus knot or link T(p,q) with crossing
number (p − 1)q [12]. If p is even, we can deform this braid into an alternating p-braid:(
σp−1σ−1p−2σp−3σ
−1
p−4 . . . σ
−1
2 σ1
)q
(18)
by changing crossings (p − 2)q/2 times, which is less than (p − 1)(q − 1)/2. 
Remark 4. A link diagram is k-almost alternating if k crossing changes produce an alternating projection [3]. The proof above
shows that the diagram presented as the closure of Eq. (15) of the torus knot T(p,q), where 4 p < q, gcd(p,q) = 1, and p
is even, is (p − 2)q/2-almost alternating. Similarly, the torus knot diagram that is the closure of the p-braid Eq. (15), where
1< p < q, gcd(p,q) = 1, and p is odd, is (p − 1)q/2-almost alternating.
3. Abe’s estimation of the lower bound on the alternation number of a knot
Let σ˜ (K ) and s(K ) be the signature and Rasmussen s-invariant [15] of a knot K , respectively, where σ˜ (T(2,3)) =
s(T(2,3)) = 2 for the right-hand (positive) trefoil knot T(2,3). Then Abe [1] has discovered the following inequality, where
he considers in a more general situation.
Proposition 5.∣∣σ˜ (K ) − s(K )∣∣/2 alt(K ). (19)
This follows the next two propositions.
Proposition 6. Suppose K+ and K− are knots that differ by a single crossing change from a positive crossing in K+ to a negative one
in K− . Then
0 σ˜ (K+) − σ˜ (K−) 2; (20)
0 s(K+) − s(K−) 2. (21)
Proposition 7. If K is an alternating knot, then σ˜ (K ) = s(K ).
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Proposition 7, see [15, Theorem 3].
We denote by σ˜ (p,q), s(p,q) the signature and the Rasmussen s-invariant of the torus knot T(p,q), respectively;
σ˜ (p,q) = σ˜ (T(p,q)); (22)
s(p,q) = s(T(p,q))= (p − 1)(q − 1). (23)
The value σ˜ (p,q) can be calculated by using [6, Theorem 5.2]; cf. [13, Theorem 7.5.1]. Eq. (23) follows from [15, Theorem 4].
Put
α(p,q) = ∣∣σ˜ (p,q) − s(p,q)∣∣/2, (24)
which is a lower bound of the alternation number of the torus knot T(p,q) by Proposition 5. Using this, Abe [1] has shown
that for 2< p < q,
α(p,q) 2, (25)
if (p,q) = (3,4), (3,5), while α(3,4) = α(3,5) = 0. This implies that T(3,4) and T(3,5) are the only almost alternating
torus knots, solving a conjecture of Adams et al. [3]. Furthermore, he has proved that the following always holds.
α(p,q) ≡ 0 (mod 2). (26)
4. 3-braid torus knots
First, we give an upper bound for the alternation number of a 3-braid torus knot.
Theorem 8. For a positive integer k, we have
alt
(
T(3,3k + 1)) k; (27)
alt
(
T(3,3k + 2)) k. (28)
For integers k, l, we denote by Kk,l the closure of the 3-braid 2k3 σ
l
1σ2. Then Kk,l is either a knot or 2-component link,
according as l is odd or even. We will often use the following lemma.
Lemma 9. A knot or 2-component link Kk,l is deformed into Kk−1,l+4 by a single crossing change. Thus if k > 0, then Kk,l is deformed
into the torus knot or link T(2,4k + l) by k crossing changes.
Proof. Using braid relations, we have
2k3 σ
l
1σ2 = 2k−23 σ l123σ2
= 2k−23 σ l1σ1σ2σ1σ2σ1σ2σ2
= 2k−23 σ l1σ1σ1σ2σ1σ1σ2σ2
= 2k−23 σ l+21 σ2σ 21 σ 22 . (29)
Then by a single crossing change in the braid σ 22 we can deform this 3-braid into
2k−23 σ
l+2
1 σ2σ
2
1 , (30)
which is conjugate to 2k−23 σ
l+4
1 σ2. That is, Kk,l is deformed into Kk−1,l+4 by a single crossing change. Continuing this
process, we can deform Kk,l into K0,l+4k by k crossing changes, which is the torus knot or link T(2,4k + l), completing the
proof. 
Proof of Theorem 8. The torus knot T(3,3k + 1) is presented as the closure of the 3-braid (σ2σ1)3k+1 = 2k3 σ1σ2, which
is the knot Kk,1, and so by Lemma 9 we can deform it into the alternating torus knot T(2,4k + 1) by k crossing changes,
showing Eq. (27).
Next, the torus knot T(3,3k+2) is presented as the closure of the 3-braid (σ2σ1)3k+2 = 2k3 (σ2σ1)2 = 2k3 σ1σ2σ 21 , which
is conjugate to 2k3 σ
3
1 σ2. This is the knot Kk,3, and by Lemma 9, we can deform it into T(2,4k + 3) by k crossing changes,
showing Eq. (28). 
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23σ
l
1σ2 = σ l+21 σ2σ 21 σ 22 . (31)
In the proof of Lemma 9, we have changed the crossing in the braid σ 22 in Eq. (31). Instead of this crossing, if we change
the crossing in the braid σ 21 in Eq. (31), then we obtain σ
l+2
1 σ
3
2 , whose closure is T(2, l + 2) # T(2,3), the sum of two torus
knots T(2, l + 2) and T(2,3), which is also alternating. In the proof of Theorem 8, the torus knots T(3,3k + 1), T(3,3k + 2)
are transformed into T(2,4k + 1), T(2,4k + 3), respectively, by crossing changes. Instead of these knots, we may also obtain
the sum of two torus knots T(2,4k − 1) # T(2,3), T(2,4k + 1) # T(2,3), respectively. For example, the torus knots T(3,4)
and T(3,5), which are 819 and 10124 in the table of [16], are transformed into either T(2,5) or T(2,3) # T(2,3) (the granny
knot), and into either T(2,7) or T(2,5) # T(2,3) by a single crossing change.
Notice that given an almost alternating projection, we can always complicate it by a “tongue move”; see [2, Section 5.5].
Corollary 11. For a positive integer m, we have
alt
(
T(3,4)
)= alt(T(3,5))= 1, (32)
alt
(
T(3,6m + 1))= alt(T(3,6m + 2))= 2m, (33)
alt
(
T(3,6m + 4))= alt(T(3,6m + 5))= 2m or 2m + 1. (34)
Proof. Eq. (32) follows the fact that the knots T(3,4), T(3,5) are known to be non-alternating, and that we can transform
each of them into an alternating knot by a single crossing change; see Remark 10.
Eqs. (33) and (34) follow Theorem 8 and
α(3,6m + 1) = α(3,6m + 2) = α(3,6m + 4) = α(3,6m + 5) = 2m. (35)
In fact,
σ˜ (3,6m + 1) = 8m, s(3,6m + 1) = 12m; (36)
σ˜ (3,6m + 2) = 8m + 2, s(3,6m + 2) = 12m + 2; (37)
σ˜ (3,6m + 4) = 8m + 6, s(3,6m + 4) = 12m + 6; (38)
σ˜ (3,6m + 5) = 8m + 8, s(3,6m + 5) = 12m + 8; (39)
cf. [11, Proposition 9.1]. 
5. The alternation number of the 3-braid knot Kk,l
In this section, we consider the alternation number and α-invariant of the knot Kk,l , which is the closure of the 3-braid
2k3 σ
l
1σ2 with k, l > 0 and l odd. For the knots Kk,1 and Kk,3, which are the torus knots T(3,3k + 1) and T(3,3k + 2), we
have given the alternation numbers and α-invariants in Corollary 11. For other cases, we prove:
Theorem 12. For positive integers k, l with l odd and l 5, we have
alt(Kk,l) = α(Kk,l) = k. (40)
Proof. By Lemma 9 there is a sequence of knots:
Kk,l → Kk−1,l+4 → ·· · → Kk−i,l+4i → ·· · → K1,l+4k−4 → K0,l+4k = T(2,4k + l), (41)
where Kk−i+1,l+4i−4 → Kk−i,l+4i means that Kk−i,l+4i is obtained from Kk−i+1,l+4i−4 by changing a positive crossing to a
negative crossing, i = 1, 2, . . . ,k. Thus we have alt(Kk,l) k. It follows from Lemmas 14 and 15 below that α(Kk,l) = k, and
so by Abe’s inequality Eq. (19) we obtain Eq. (40). 
Since each of the knots K2m,1 and K2m,3, which are the torus knots T(3,6m + 1) and T(3,6m + 2), respectively, has
alternation number 2m by Corollary 11, alt(Kk,l) = k if (k, l) ∈ {(2m− i,4i+1), (2m− i,4i+3) ∈ Z × Z | i = 0,1, . . . ,2m−1},
where m is a positive integer. However, Theorem 12 shows that alt(Kk,l) = k also holds for the remaining cases except for
the knots K2m+1,1 and K2m+1,3, which are the torus knots T(3,6m + 4) and T(3,6m + 5), respectively.
From Theorem 12, we have
Corollary 13. For any positive integer k, there exist inﬁnitely many 3-braid knots whose alternation number is k.
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First, we give the Rasmussen s-invariant of the knot Kk,l .
Lemma 14. If k, l > 0, then
s(Kk,l) = 6k + l − 1. (42)
Proof. Since the braid 2k3 σ
l
1σ2 is positive, Kk,l is a ﬁbered knot, whose ﬁber surface is of genus (6k + l − 1)/2; see, for
example, [17, Theorem 2]. Also, s(Kk,l) is equal to twice of the genus of Kk,l [15, Theorem 4], completing the proof. 
We give the signature of the knot Kk,l .
Lemma 15. For a positive integer m, we have
σ˜ (K2m−i,4i+1) = 8m, i = 0,1, . . . ,2m − 1; (43)
σ˜ (K2m−i,4i+3) = 8m + 2, i = 0,1, . . . ,2m − 1; (44)
σ˜ (K2m+1−i,4i+1) =
{
8m + 6 if i = 0;
8m + 4 if i = 1,2, . . . ,2m; (45)
σ˜ (K2m+1−i,4i+3) =
{
8m + 8 if i = 0;
8m + 6 if i = 1,2, . . . ,2m. (46)
In order to prove Lemma 15, we use the skein formula for the signature Eq. (20) and the Alexander–Conway polynomial
Eq. (52) below; see [5], [13, Theorem 6.4.7].
The Conway polynomial ∇L(z) ∈ Z [z] is an isotopy invariant of an oriented link L [4] deﬁned by the following formulas:
∇U (z) = 1; (47)
∇L+(z) − ∇L−(z) = z∇L0(z), (48)
where U is a trivial knot, and L+ , L− , L0 are three links that are identical except near one point where they are as in Fig. 2.
We call (L+, L−, L0) a skein triple.
The Alexander polynomial K (t) ∈ Z [t±1] of an oriented knot K is obtained from the Conway polynomial by
K (t) = ∇K
(
t1/2 − t−1/2). (49)
Then the Alexander polynomial of a knot has the following properties:
K (1) = 1; (50)
K (t) = K
(
t−1
)
. (51)
Also, there is a relation with the signature:
(−1)σ˜ (K )/2 = signK (−1), (52)
where signK (−1) = K (−1)/|K (−1)|.
Let k,l(t) be the Alexander polynomial of Kk,l . We give its sign.
Lemma 16. If k > 0, q 0, then
signk,2q+1(−1) =
{−(−1)q if q = 0,1 and k is odd;
(−1)q otherwise. (53)
Proof. Let ∇k,l(z) ∈ Z [z] be the Conway polynomial of Kk,l . Then (Kk,l, Kk,l−2, Kk,l−1) is a skein triple, and so we have
∇k,l(z) − ∇k,l−2(z) = z∇k,l−1(z). (54)
Similarly, we have
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∇k,l−2(z) − ∇k,l−4(z) = z∇k,l−3(z). (56)
From Eqs. (54)–(56), we obtain
∇k,l(z) − 2∇k,l−2(z) + ∇k,l−4(z) = z
(∇k,l−1(z) − ∇k,l−3(z))= z2∇k,l−2(z), (57)
which implies
∇k,l(z) + ∇k,l−4(z) =
(
z2 + 2)∇k,l−2(z). (58)
By Eq. (49), we have
k,l(t) + k,l−4(t) =
(
t + t−1)k,l−2(t), (59)
and so we have
k,l(t) − tk,l−2(t) = t−1
(
k,l−2(t) − tk,l−4(t)
)= t−q(k,3(t) − tk,1(t)); (60)
k,l(t) − t−1k,l−2(t) = t
(
k,l−2(t) − t−1k,l−4(t)
)= tq(k,3(t) − t−1k,1(t)), (61)
where l 5. Subtracting Eq. (60) from Eq. (61), we obtain
k,2q+1(t) = ϕq(t)k,3(t) − ϕq−1(t)k,1(t), (62)
where
ϕq(t) = t
q − t−q
t − t−1 . (63)
Since Kk,1 = T(3,3k + 1) and Kk,3 = T(3,3k + 2), we have
t3kk,1(t) = (1− t)(1− t
3(3k+1))
(1− t3)(1− t3k+1) ; (64)
t3k+1k,3(t) = (1− t)(1− t
3(3k+2))
(1− t3)(1− t3k+2) ; (65)
see [13, Theorem 7.3.2], and so we obtain
k,1(−1) =
{−3 if k is odd;
1 if k is even; (66)
k,3(−1) =
{
1 if k is odd;
−3 if k is even. (67)
By using Eqs. (66) and (67), and ϕq(−1) = −(−1)qq, Eq. (62) yields
k,2q+1(−1) =
{
(−1)q(2q − 3) if k is odd;
(−1)q(2q + 1) if k is even, (68)
and thus we obtain the result. 
Proof of Lemma 15. First, we prove Eq. (43). By Lemma 9, there is a sequence of knots:
T(3,6m + 1) = K2m,1 → K2m−1,5 → ·· · → K2m−i,4i+1 → ·· · → K1,8m−3 → K0,8m+1 = T(2,8m + 1), (69)
where K2m−i+1,4i−3 → K2m−i,4i+1 means that K2m−i,4i+1 is obtained from K2m−i+1,4i−3 by changing a positive crossing to
a negative crossing, i = 1, 2, . . . ,2m. From Eq. (20) we have
σ˜ (K2m−i,4i+1) = σ˜ (K2m−i+1,4i−3) or σ˜ (K2m−i+1,4i−3) − 2. (70)
By Eq. (52) and Lemma 16 we have
(−1)σ˜ (K2m−i,4i+1)/2 = sign2m−i,4i+1(−1) = 1, (71)
and so
σ˜ (K2m−i,4i+1) ≡ 0 (mod 4). (72)
Since σ˜ (K2m,1) = 8m, combining Eqs. (70) and (72), we obtain Eq. (43). The proof of Eq. (44) is similar.
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T(3,6m + 4) = K2m+1,1 → K2m,5 → ·· · → K2m−i+1,4i+1 → ·· · → K1,8m+1 → K0,8m+5 = T(2,8m + 5), (73)
where K2m−i+2,4i−3 → K2m−i+1,4i+1 means that K2m−i+1,4i+1 is obtained from K2m−i+2,4i−3 by changing a positive crossing
to a negative crossing, i = 1, 2, . . . ,2m + 1, and so we have
σ˜ (K2m−i+1,4i+1) = σ˜ (K2m−i+2,4i−3) or σ˜ (K2m−i+2,4i−3) − 2. (74)
By Eq. (52) and Lemma 16 we have
(−1)σ˜ (K2m+1−i,4i+1)/2 = sign2m+1−i,4i+1(−1) =
{−1 if i = 0;
1 if i > 0,
(75)
and so
σ˜ (K2m−i+1,4i+1) ≡
{
2 (mod 4) if i = 0;
0 (mod 4) if i > 0.
(76)
Since σ˜ (K2m+1,1) = 8m + 6, we obtain Eq. (45). The proof of Eq. (46) is similar. 
6. An estimation of the alternation number of T(n,kn + 1)
In this section we give an estimation of the alternation number of the torus knot T(n,kn+ 1) with n 4, k 1. First, we
give the α-invariant, which is a lower bound of the alternation number.
Lemma 17. For integers n ( 4), k ( 1), we have
α(n,kn + 1) =
⎧⎨
⎩
kn(n − 2)/4 if n is even;
k(n − 1)2/4 if n is odd and k is even;
(k(n − 1) − 2)(n − 1)/4 if n and k are odd.
(77)
Proof. Using [6, Theorem 5.2], we have
σ˜ (n,kn + 1) =
⎧⎨
⎩
kn2/2 if n is even;
k(n2 − 1)/2 if n is odd and k is even;
(k(n + 1) + 2)(n − 1)/2 if n and k are odd;
(78)
in particular, we have
σ˜ (m,m + 1) =
{
m2/2 ifm is even;
(m + 3)(m − 1)/2 ifm is odd. (79)
Combining Eq. (78) and we obtain Eq. (77). 
In order to give an upper bound of the alternation number of the torus knot T(n,kn + 1) we use Lemmas 18 and 19
below.
Lemma 18. For integers k, l ( 0), the closure of the n-braid, n 4,
2kn βn(cnβn)
l (80)
is deformed into that of the (n − 1)-braid
2kn−1βn−1(cn−1βn−1)k+l (81)
by (k + l) crossing changes.
Proof. Using Lemma 2, we have
2kn βn(cnβn)
l = (2n−1(βncn))kβn(cnβn)l
= 2kn−1(βncn)kβn(cnβn)l
= 2kn−1βn(cnβn)k+l
= 2k σn−1σn−2 . . . σ2σ1
(
σ1σ2 . . . σn−2σ 2 σn−2 . . . σ2σ1
)k+l
. (82)n−1 n−1
310 T. Kanenobu / Topology and its Applications 157 (2010) 302–318By changing crossings in each of the braid σ 2n−1 in the last n-braid in Eq. (82) we can deform it into
2kn−1σn−1σn−2 . . . σ2σ1(σ1σ2 . . . σn−2σn−2 . . . σ2σ1)
k+l = 2kn−1σn−1βn−1(cn−1βn−1)k+l, (83)
whose closure is isotopic to that of the (n − 1)-braid
2kn−1βn−1(cn−1βn−1)
k+l (84)
by a Markov move; see, for example, [13, p. 213]. This completes the proof. 
Lemma 19. For integers k ( 0), l (> 0), the closure of the 3-braid
2k3 β3(c3β3)
l (85)
is deformed into the torus knot T(2,4k + 2l + 3) by (k + l − 1) crossing changes.
Proof. We can deform the 3-braid as follows:
2k3 β3(c3β3)
l = 2k3 σ2σ1(σ1σ2σ2σ1)l
= 2k3 σ2
(
σ 21 σ
2
2
)l−1
σ1σ1σ2σ2σ1
= σ2
(
σ 21 σ
2
2
)l−1
2k3 σ1σ1σ2σ2σ1
∼ 2k3 σ1σ1σ2σ2σ1σ2
(
σ 21 σ
2
2
)l−1
= 2k3 σ1σ1σ2σ1σ2σ1
(
σ 21 σ
2
2
)l−1
= 2k3 σ1σ1σ1σ2σ1σ1
(
σ 21 σ
2
2
)l−1
, (86)
where β ∼ β ′ means that β is conjugate to β ′ . By (l − 1) crossing changes in each of the braids σ 22 in the last 3-braid in
Eq. (86) we can deform this into 2k3 σ
3
1 σ2σ
2l
1 , which is conjugate to 
2k
3 σ
2l+3
1 σ2. By Lemma 9, we can deform the closure of
this 3-braid into that of σ 4k+2l+31 σ2 by k crossing changes, whose closure is isotopic to the closure of the 2-braid σ
4k+2l+3
1
by a Markov move, completing the proof. 
Now we give the estimation of the alternation number of the torus knot T(n,kn + 1).
Theorem 20. For integers n ( 4), k ( 1), we have
α(n,kn + 1) alt(T(n,kn + 1)) k(n − 1)(n − 2)/2− 1, (87)
where α(n,kn + 1) is given as Eq. (77) in Lemma 17.
Remark 21. The two equalities in Eq. (87) hold simultaneously if and only if n = 4, k = 1; see Theorem 26.
Proof. Since the torus knot T(n,kn + 1) is presented as the closure of the n-braid
βnk+1n = 2kn βn, (88)
applying Lemma 18 we can deform this into the closure of the (n − 1)-braid
2kn−1βn−1(cn−1βn−1)
k (89)
by changing k crossings. Again applying Lemma 18, we can deform the closure of Eq. (89) into the closure of the (n − 2)-
braid
2kn−2βn−2(cn−2βn−2)2k (90)
by changing 2k crossings. Continuing this process, we can obtain the closure of the 3-braid
2k3 β3(c3β3)
(n−3)k, (91)
which further can be deformed into the torus knot T(2,2k(n−1)+3), by (k(n−2)−1) crossing changes by using Lemma 19.
Thus, we have deformed the torus knot T(n,nk + 1) by changing (∑n−3i=1 ik) + k(n − 2) − 1 = k(n − 2)(n − 1)/2− 1 crossings
into the 2-braid torus knot T(2,2k(n − 1) + 3), completing the proof. 
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In this section we give an estimation of the alternation number of the torus knot T(n, ln − 1) with n 4, l 2. First, we
give the α-invariant, which is a lower bound of the alternation number.
Lemma 22. For integers n ( 4), l ( 2), we have
α(n, ln − 1) =
⎧⎨
⎩
(ln − 4)(n − 2)/4 if n is even;
(ln − l − 2)(n − 1)/4 if n and l are odd;
(ln − l − 4)(n − 1)/4 if n is odd and l is even.
(92)
Proof. Using [6, Theorem 5.2], we have
σ˜ (n, ln − 1) =
⎧⎨
⎩
(ln2 − 4)/2 if n is even;
(ln + l − 2)(n − 1)/2 if n and l are odd;
l(n2 − 1)/2 if n is odd and l is even,
(93)
where we use Eq. (79). Combining Eq. (93) and s(n, ln − 1) = (n − 1)(ln − 2), we obtain Eq. (92). 
In order to give an upper bound of the alternation number of the torus knot T(n,kn + (n − 1)) we use Lemma 23 below
and Lemma 19.
Lemma 23. For integers k ( 0), l (> 0), the closure of the n-braid, n 4,
2kn−1(βncn)
lcn (94)
is deformed into that of the (n − 1)-braid
2kn−2(βn−1cn−1)
k+lcn−1 (95)
by l crossing changes.
Proof. Using Lemma 2, we have
2kn−1(βncn)
lcn = 2kn−1(βncn)lcn−1σn−1
= 2kn−1cn−1(βncn)lσn−1
(
by Eq. (11)
)
= 2kn−1cn−1βn(cnβn)l−1cnσn−1
= 2kn−1cn−1βn(cnβn)l−1cn−1σ 2n−1
= 2kn−1cn−1βn
(
cn−1σ 2n−1βn−1
)l−1
cn−1σ 2n−1. (96)
By changing l crossings in each of the braids σ 2n−1 in Eq. (96) we can deform it into
2kn−1cn−1βn(cn−1βn−1)l−1cn−1, (97)
whose closure is isotopic to that of the (n − 1)-braid
2kn−1cn−1βn−1(cn−1βn−1)
l−1cn−1 = 2kn−1(cn−1βn−1)lcn−1 (98)
by a Markov move. Since
2kn−1(cn−1βn−1)
lcn−1 = 2kn−1cn−1(βn−1cn−1)l
∼ 2kn−1(βn−1cn−1)lcn−1
= 2kn−2(βn−1cn−1)k+lcn−1, (99)
the proof is complete. 
Theorem 24. For integers n ( 4), l ( 2), we have
α(n, ln − 1) alt(T(n, ln − 1)) (n − 1)(l(n − 2) − 2)/2, (100)
where α(n, ln − 1) is given as Eq. (92) in Lemma 22.
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this case.
Proof. The torus knot T(n, ln − 1) is presented as the closure of βln−1n = 2(l−1)n βn−1n . Furthermore, we have

2(l−1)
n β
n−1
n = 2(l−1)n cn2n−1
(
by Eq. (14)
)
= 2(l−1)n−1 (βncn)l−1cn2n−1 (by Lemma 2)
∼ 2ln−1(βncn)l−1cn. (101)
By Lemma 23 we can deform the closure of this n-braid into that of the (n − 1)-braid
2ln−2(βn−1cn−1)
2l−1cn−1 (102)
by (l − 1) crossing changes. Again applying Lemma 23 we can deform the closure of this into that of the (n − 2)-braid
2ln−3(βn−2cn−2)3
l−1cn−2 (103)
by (2l − 1) crossing changes. Continuing this process, we can obtain the closure of the 3-braid
2l2 (β3c3)
(n−2)l−1c3 = 2l3 (β3c3)l(n−3)−1c3 ∼ 2l3 c3(β3c3)l(n−3)−1, (104)
which is isotopic to the closure of
2l3 β3(c3β3)
l(n−3)−1. (105)
Then by Lemma 19, it is deformed into the torus knot T(2,2l(n−1)+1) by l(n−2)−2 crossing changes. Hence, we deform
the torus knot T(n, ln − 1) into T(2,2l(n − 1) + 1) by ∑n−3i=1 (il − 1) + l(n − 2) − 2 = (n − 1)(l(n − 2) − 2)/2 crossing changes,
completing the proof. 
8. 4-braid torus knots
We give an estimation for the alternation number of a 4-braid torus knot.
Theorem 26. For a positive integer k, we have
2k alt
(
T(4,4k + 1)) 3k − 1; (106)
2k alt
(
T(4,4k + 3)) 3k. (107)
In particular, we have
alt
(
T(4,5)
)= 2. (108)
Proof. Eqs. (106) and (107) follow from Theorems 87 and 24, and
α(4,4k + 1) = α(4,4k + 3) = 2k. (109)
In fact,
σ˜ (4,4k + 1) = 8k, s(4,4k + 1) = 12k; (110)
σ˜ (4,4k + 3) = 8k + 6, s(4,4k + 3) = 12k + 6; (111)
cf. [11, Proposition 9.2]. 
9. 5-braid torus knots
In this section we give an estimation of the alternation number of the 5-braid torus knot. First, we give an upper bound
for the alternation number of the 5-braid torus knot which has not been considered in Sections 6 and 7.
Theorem 27. For a positive integer k, we have
alt
(
T(5,5k + 2)) 6k; (112)
alt
(
T(5,5k + 3)) 6k + 2. (113)
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β5k+25 = 2k5 β25
= 2k4 (β5c5)kβ25
= 2k4 β5c5(σ4σ3σ2σ1σ1σ2σ3σ4)k−1σ4σ3σ2σ1σ4σ3σ2σ1. (114)
Then we change (k + 1) crossings to obtain the closure of the following 5-braid
2k4 β5c5
(
σ4σ
−1
3 σ2σ1σ1σ2σ3σ4
)k−1
σ4σ
−1
3 σ2σ1σ
−1
4 σ3σ2σ1, (115)
which is equal to
2k4 β5c5
(
σ4σ
−1
3 σ2σ1σ1σ2σ3σ4
)k−1
σ4σ
−1
3 σ
−1
4 σ2σ1σ3σ2σ1
= 2k4 β5c5
(
σ4σ
−1
3 σ2σ1σ1σ2σ3σ4
)k−1
σ−13 σ
−1
4 σ3σ2σ1σ3σ2σ1
= 2k4 β5c5
(
σ4σ
−1
3 σ2σ1σ1σ2σ3σ4
)k−1
σ−13 σ
−1
4 β
2
4 . (116)
Since we have
(
σ4σ
−1
3 σ2σ1σ1σ2σ3σ4
)
σ−13 σ
−1
4 = σ4σ−13 σ2σ1σ1σ2σ3σ−13 σ−14 σ3
= σ4σ−13 σ2σ1σ1σ2σ−14 σ3
= σ4σ−13 σ−14 σ2σ1σ1σ2σ3
= σ−13 σ−14 σ3σ2σ1σ1σ2σ3
= σ−13 σ−14 (β4c4), (117)
the 5-braid Eq. (116) is equal to
2k4 β5c5σ
−1
3 σ
−1
4 (β4c4)
k−1b24. (118)
Further, this is equal to
2k4 σ4σ3σ2σ1σ1σ2σ3σ4σ
−1
3 σ
−1
4 (β4c4)
k−1β24 = 2k4 σ4σ3σ2σ1σ1σ2σ3σ−13 σ−14 σ3(β4c4)k−1β24
= 2k4 σ4σ3σ2σ1σ1σ2σ−14 σ3(β4c4)k−1β24
= 2k4 σ4σ3σ−14 σ2σ1σ1σ2σ3(β4c4)k−1β24
= 2k4 σ−13 σ4σ3σ2σ1σ1σ2σ3(β4c4)k−1β24 , (119)
whose closure is isotopic to that of the 4-braid
2k4 σ
−1
3 σ3σ2σ1σ1σ2σ3(β4c4)
k−1β24 = 2k4 σ2σ1c4(β4c4)k−1β24 (120)
by a Markov move. Then this 4-braid is equal to
2k4 σ2σ1σ1σ2σ3(β4c4)
k−1σ3σ2σ1σ3σ2σ1
= 2k4 σ2σ 21 σ2σ3(β4c4)k−1σ3σ2σ3σ1σ2σ1
= 2k4 σ2σ 21 σ2σ3(β4c4)k−1σ2σ3σ2σ1σ2σ1
= 2k4 σ2σ 21 σ2σ3(β4c4)k−1σ2σ3σ1σ2σ1σ1
∼ 2k4 σ 21 σ2σ 21 σ2σ3(β4c4)k−1σ2σ3σ1σ2
= 2k3 (β4c4)kσ 21 σ2σ 21 σ2σ3(β4c4)k−1σ2σ3σ1σ2
= 2k3 σ 21 σ2σ 21 σ2(β4c4)kσ3(β4c4)k−1σ2σ3σ1σ2
= 2k3 σ 21 σ2σ 21 σ2
(
σ3σ2σ
2
1 σ2σ3
)(
σ3σ2σ
2
1 σ2σ3
)k−1
σ3
(
σ3σ2σ
2
1 σ2σ3
)k−1
σ2σ3σ1σ2. (121)
Then we can change 2k crossings to obtain the closure of the following 4-braid
2k3 σ
2
1 σ2σ
2
1 σ2
(
σ3σ2σ
2
1 σ2σ3
)(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ3
(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ−12 σ
−1
3 σ1σ2. (122)
Since we have
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σ3σ
−1
2 σ
2
1 σ2σ3
)
σ−12 σ
−1
3 = σ3σ−12 σ 21 σ2σ−12 σ−13 σ2
= σ3σ−12 σ−13 σ 21 σ2
= σ−12 σ−13 σ2σ 21 σ2
= σ−12 σ−13 (β3c3), (123)
the 5-braid Eq. (122) is equal to
2k3 σ
2
1 σ2σ
2
1 σ2
(
σ3σ2σ
2
1 σ2σ3
)(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ3σ
−1
2 σ
−1
3 (β3c3)
k−1σ1σ2, (124)
which is equal to
2k3 σ
2
1 σ2σ
2
1 σ2
(
σ3σ2σ
2
1 σ2σ3
)(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ−12 σ
−1
3 σ2(β3c3)
k−1σ1σ2. (125)
Again using Eq. (123), this is equal to
2k3 σ
2
1 σ2σ
2
1 σ2
(
σ3σ2σ
2
1 σ2σ3
)
σ−12 σ
−1
3 (β3c3)
k−1σ2(β3c3)k−1σ1σ2, (126)
which is further equal to
2k3 σ
2
1 σ2σ
2
1 σ3σ2σ3σ
2
1 σ2σ
−1
2 σ
−1
3 σ2(β3c3)
k−1σ2(β3c3)k−1σ1σ2
= 2k3 σ 21 σ2σ 21 σ3σ2σ 21 σ2(β3c3)k−1σ2(β3c3)k−1σ1σ2, (127)
whose closure is isotopic to that of the 3-braid
2k3 σ
2
1 σ2σ
2
1 σ2σ
2
1 σ2(β3c3)
k−1σ2(β3c3)k−1σ1σ2 (128)
by a Markov move. We deform this 3-braid as follows:
2k3 σ
2
1 σ2σ
2
1
(
σ2σ
2
1 σ2
)k
σ2
(
σ2σ
2
1 σ2
)k−1
σ1σ2 = 2k3 σ 21 σ2σ 21 σ2σ 21
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
σ2σ1σ2
∼ 2k3 σ2σ1σ2σ 21 σ2σ 21 σ2σ 21
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
= 2k3 σ2σ2σ1σ2σ1σ2σ1σ2σ1σ2σ1
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
= 2k3 σ2σ2σ2σ1σ223
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
= 2k+23 σ 32 σ1σ2
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
. (129)
Then we change 2(k − 1) crossings to obtain the following 3-braid
2k+23 σ
3
2 σ1σ2
(
σ 22
)k−1
σ2
(
σ 22
)k−1 ∼ 2k+23 σ 4k+12 σ1. (130)
Using Lemma 9, we can deform this 3-braid into the torus knot T(2,8k+ 5) by (k+ 1) crossing changes. This completes the
proof of Eq. (112).
Next, we prove Eq. (113). Since the torus knot T(5,5k + 3) is presented as the closure of the 5-braid
β5k+35 = 2k5 β35
= 2k4 (β5c5)kβ35
= 2k4 β5c5(σ4σ3σ2σ1σ1σ2σ3σ4)k−1σ4σ3σ2σ1σ4σ3σ2σ1σ4σ3σ2σ1. (131)
Then we change (k + 2) crossings to obtain the closure of the following 5-braid
2k4 β5c5
(
σ4σ3σ
−1
2 σ1σ1σ2σ3σ4
)k−1
σ4σ3σ
−1
2 σ1σ4σ
−1
3 σ2σ1σ
−1
4 σ3σ2σ1. (132)
Since
σ4σ3σ
−1
2 σ1σ4σ
−1
3 σ
−1
4 σ2σ1σ3σ2σ1 = σ4σ3σ−12 σ1σ−13 σ−14 σ3σ2σ1σ3σ2σ1
= σ4σ3σ−12 σ−13 σ−14 σ1σ3σ2σ1σ3σ2σ1
= σ4σ−12 σ−13 σ2σ−14 σ1σ3σ2σ1σ3σ2σ1
= σ−12 σ4σ−13 σ−14 σ2σ1σ3σ2σ1σ3σ2σ1
= σ−12 σ−13 σ−14 σ3σ2σ1σ3σ2σ1σ3σ2σ1
= σ−1σ−1σ−1β3, (133)2 3 4 4
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σ4σ3σ
−1
2 σ
2
1 σ2σ3σ4
)
σ−12 σ
−1
3 σ
−1
4 = σ4σ3σ−12 σ 21 σ2σ3σ−12 σ4σ−13 σ−14
= σ4σ3σ−12 σ 21 σ−13 σ2σ3σ−13 σ−14 σ3
= σ4σ3σ−12 σ 21 σ−13 σ2σ−14 σ3
= σ4σ3σ−12 σ−13 σ−14 σ 21 σ2σ3
= σ4σ−12 σ−13 σ2σ−14 σ 21 σ2σ3
= σ−12 σ4σ−13 σ−14 σ2σ 21 σ2σ3
= σ−12 σ−13 σ−14 σ3σ2σ 21 σ2σ3
= σ−12 σ−13 σ−14 (β4c4), (134)
the 5-braid Eq. (132) is equal to
2k4 β5c5σ
−1
2 σ
−1
3 σ
−1
4 (β4c4)
k−1β34 . (135)
Further, this is equal to
2k4 σ4σ3σ2σ1σ1σ2σ3σ4σ
−1
2 σ
−1
3 σ
−1
4 (β4c4)
k−1β34 = 2k4 σ4σ3σ2σ1σ1σ2σ3σ−12 σ4σ−13 σ−14 (β4c4)k−1β34
= 2k4 σ4σ3σ2σ1σ1σ−13 σ2σ3σ−13 σ−14 σ3(β4c4)k−1β34
= 2k4 σ4σ3σ2σ1σ1σ−13 σ2σ−14 σ3(β4c4)k−1β34
= 2k4 σ4σ3σ2σ−13 σ−14 σ1σ1σ2σ3(β4c4)k−1β34
= 2k4 σ4σ−12 σ3σ2σ−14 σ1c4(β4c4)k−1β34
= 2k4 σ−12 σ4σ3σ−14 σ2σ1c4(β4c4)k−1β34
= 2k4 σ−12 σ−13 σ4σ3σ2σ1c4(β4c4)k−1β34
= 2k4 σ−12 σ−13 σ4(β4c4)kβ34 , (136)
whose closure is isotopic to that of the 4-braid
2k4 σ
−1
2 σ
−1
3 (β4c4)
kβ34 = 2k4 σ1c4(β4c4)k−1β34 (137)
by a Markov move. Then by Eq. (14) this is equal to
2k3 (β4c4)
kσ 21 σ2σ3(β4c4)
k−1c423
∼ 2k+23 σ 21 (β4c4)kσ2σ3(β4c4)k−1c4
= 2k+23 σ 21 (β4c4)kσ2σ3(β4c4)k−1σ1σ2σ3
= 2k+23 σ 21 (β4c4)kσ2σ1σ3(β4c4)k−1σ2σ3
= 2k+23 σ 21 σ2σ1(β4c4)kσ3(β4c4)k−1σ2σ3
= 2k+23 σ 21 σ2σ1(β4c4)
(
σ3σ2σ
2
1 σ2σ3
)k−1
σ3
(
σ3σ2σ
2
1 σ2σ3
)k−1
σ2σ3. (138)
Then we change 2k crossings to obtain the closure of the following 4-braid
2k+23 σ
2
1 σ2σ1(β4c4)
(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ3
(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ−12 σ
−1
3
= 2k+23 σ 21 σ2σ1(β4c4)
(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ3σ
−1
2 σ
−1
3 (β3c3)
k−1 (by Eq. (123))
= 2k+23 σ 21 σ2σ1(β4c4)
(
σ3σ
−1
2 σ
2
1 σ2σ3
)k−1
σ−12 σ
−1
3 σ2(β3c3)
k−1
= 2k+23 σ 21 σ2σ1(β4c4)σ−12 σ−13 (β3c3)k−1σ2(β3c3)k−1
(
by Eq. (123)
)
= 2k+23 σ 21 σ2σ1σ3σ2σ 21 σ2σ3σ−12 σ−13 (β3c3)k−1σ2(β3c3)k−1
= 2k+23 σ 21 σ2σ1σ3σ2σ 21 σ2σ−12 σ−13 σ2(β3c3)k−1σ2(β3c3)k−1
= 2k+23 σ 21 σ2σ1σ3σ2σ 21 σ−13 σ2(β3c3)k−1σ2(β3c3)k−1
= 2k+23 σ 21 σ2σ1σ3σ2σ−13 σ 21 σ2(β3c3)k−1σ2(β3c3)k−1
= 2k+2σ 2σ2σ1σ−1σ3σ2σ 2σ2(β3c3)k−1σ2(β3c3)k−1, (139)3 1 2 1
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2k+23 σ
2
1 σ2σ1σ
−1
2 σ2σ
2
1 σ2(β3c3)
k−1σ2(β3c3)k−1 = 2k+23 σ 21 σ2σ 31 σ2(β3c3)k−1σ2(β3c3)k−1 (140)
by a Markov move. This 3-braid is equal to
2k+23 σ1σ1σ2σ1σ
2
1 σ2
(
σ2σ
2
1 σ2
)k−1
σ2
(
σ2σ
2
1 σ2
)k−1 = 2k+23 σ1σ2σ1σ2σ 21 (σ 22 σ 21 )k−1σ2(σ 22 σ 21 )k−1σ2
∼ 2k+23 σ2σ1σ2σ1σ2σ 21
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
= 2k+43 σ1
(
σ 22 σ
2
1
)k−1
σ2
(
σ 22 σ
2
1
)k−1
. (141)
Then we change 2(k − 1) crossings to obtain the following 3-braid
2k+43 σ1
(
σ 22
)k−1
σ2
(
σ 22
)k−1 ∼ 2k+43 σ 4k−32 σ1. (142)
Using Lemma 9, we can deform this 3-braid into the torus knot T(2,8k+ 5) by (k+ 2) crossing changes. This completes the
proof of Eq. (113). 
Now we have an estimation of the alternation number of the 5-braid torus knot.
Corollary 28. For an integer m, we have
8m alt
(
T(5,10m + 1)) 12m − 1; (143)
8m alt
(
T(5,10m + 2)) 12m; (144)
8m alt
(
T(5,10m + 3)) 12m + 1; (145)
8m + 2 alt(T(5,10m + 4)) 12m + 2; (146)
8m + 2 alt(T(5,10m + 6)) 12m + 5; (147)
8m + 4 alt(T(5,10m + 7)) 12m + 6; (148)
8m + 4 alt(T(5,10m + 8)) 12m + 7; (149)
8m + 4 alt(T(5,10m + 9)) 12m + 8, (150)
where m 1 for Eqs. (143)–(146) and m 0 for Eqs. (147)–(150).
Proof. From Theorems 20, 24, and 27, we have the upper bounds:
alt
(
T(5,5k + i)) 6k + i − 2, (151)
where k > 0 and i = 1,2,3,4.
The lower bounds follow from
α(5,10m + i) =
⎧⎨
⎩
8m if i = 1,2,3;
8m + 2 if i = 4,6;
8m + 4 if i = 7,8,9.
(152)
In fact,
σ˜ (5,10m + i) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
24m if i = 0,1;
24m + 4 if i = 2;
24m + 8 if i = 3,4;
24m + 16 if i = 6,7;
24m + 20 if i = 8;
24m + 24 if i = 9,
(153)
and
s(5,10m + i) = 4(10m + i − 1). (154)
This completes the proof. 
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In this section we give an upper bound of the alternation number of the 3- or 4-braid torus link.
Theorem 29. For a positive integer k, we have
alt
(
T(3,3k)
)
 k; (155)
alt
(
T(4,4k)
)
 3k; (156)
alt
(
T(4,4k + 2)) 3k. (157)
Proof. The torus link T(3,3k) is presented as the closure of the 3-braid 2k3 , which we can deform as follows by Lemma 1:
2k3 =
(
22(b2c2)
)k = 2k2 (b2c2)k = σ 2k1 (σ2σ 21 σ2)k. (158)
By changing k crossings in each of the braid σ 21 in this braid we can deform it into
σ 2k1 σ
2k
2 , (159)
whose closure is the connected sum of two copies of the alternating torus link T(2,2k), showing Eq. (155).
Next, let us consider the torus link T(4,4k), which is presented as the closure of the 4-braid 2k4 , which we can deform
as follows by Lemma 1:
2k4 =
(
23(b3c3)
)k = 2k3 (b3c3)k = 2k3 (σ3σ2σ 21 σ2σ3)k. (160)
By changing k crossings in each of the braid σ 21 in this braid we can deform it into
2k3
(
σ3σ
2
2 σ3
)k
. (161)
Further, by changing k crossings in each of the braid σ 22 in this braid we can deform it into
2k3 σ
2k
3 , (162)
which is the connected sum of the torus link T(3,3k) and the alternating torus link T(2,2k). Since we have shown that we
can deform T(3,3k) into two copies of T(2,2k) by k crossing changes, the torus link T(4,4k) can be deformed into three
copies of T(2,2k) by 3k crossing changes, obtaining Eq. (156).
Lastly, we consider the torus link T(4,4k + 2), which is presented as the closure of the 4-braid 2k4 b22, which we can
deform as follows by Lemma 1:
2k4 b
2
2 =
(
23(b3c3)
)k
σ3σ2σ1σ3σ2σ1
= 2k3 (b3c3)kσ3σ2σ3σ1σ2σ1
= 2k3
(
σ3σ2σ
2
1 σ2σ3
)k
σ3σ2σ3σ2σ1σ2
= 2k3
(
σ3σ2σ
2
1 σ2σ3
)k
σ 23 σ2σ3σ1σ2. (163)
By changing k crossings in each of the braid σ 21 in this braid we can deform it into
2k3
(
σ3σ
2
2 σ3
)k
σ 23 σ2σ3σ1σ2. (164)
Further, by changing k crossings in each of the braid σ 22 in this braid we can deform it into
2k3 σ
2k+2
3 σ2σ3σ1σ2, (165)
which is equal to
σ 2k1
(
σ2σ
2
1 σ2
)k
σ 2k+23 σ2σ3σ1σ2 (166)
by Lemma 1. By changing k crossings in each of the braid σ 21 in this braid we can deform it into
σ 2k1 σ
2k
2 σ
2k+2
3 σ2σ3σ1σ2, (167)
which is equal to
σ 2kσ 2kσ2σ3σ1σ2σ
2k+2 ∼ σ 4k+2σ 2k+1σ3σ1σ2 (168)1 2 1 1 2
318 T. Kanenobu / Topology and its Applications 157 (2010) 302–318since σ3(σ2σ3σ1σ2) = (σ2σ3σ1σ2)σ1. By a Markov move, the closure of this 4-braid is isotopic to the closure of the 3-braid
σ 4k+21 σ
2k+1
2 σ1σ2, (169)
which is equal to
σ 4k+21 σ1σ2σ
2k+1
1 ∼ σ 6k+41 σ2. (170)
The closure of this 3-braid is the alternating torus link T(2,6k + 4), and so we obtain (157). This completes the proof. 
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